MAXIMIZERS FOR THE STRICHARTZ NORM FOR SMALL 
SOLUTIONS OF MASS-CRITICAL NLS 

THOMAS DUYCKAERTS, FRANK MERLE, AND SVETLANA ROUDENKO 



O 

(N 
(N 

< 



Abstract. Consider the mass-critical nonlinear Schrodinger equations in both 
focusing and defocusing cases for initial data in L^ in space dimension A''. By 
Strichartz inequality, solutions to the corresponding linear problem belong to 
a global L'' space in the time and space variables, where p = 2+ ^. In ID and 
2D, the best constant for the Strichartz inequality was computed by D. Foschi 
who has also shown that the maximizers are the solutions with Gaussian initial 
data. 

Solutions to the nonlinear problem with small initial data in L^ are globally 
defined and belong to the same global L^ space. In this work we show that 
the maximum of the L^ norm is attained for a given small mass. In addition, 
in ID and 2D, we show that the maximizer is unique and obtain a precise 
estimate of the maximum. In order to prove this we show that the maximum 
for the linear problem in ID and 2D is nondegenerated. 
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1. Introduction 

We study the L^-critical nonlinear Schrodinger (NLS) equation in space dimen- 
sion A^ > 1: 



(1.1) 



1 4_ 

idtu H — Au + 7 |ti| AT u = 0, (t, x) G 



t,N 



We will consider both focusing (7 = +1) and defocusing (7 = —1) equations. 
Let us first recall some properties of the linear problem: 



(1.2) 



idtU + -An = 0, uit=o = /• 



Denote by n = e*2 / the solution to (jl.2p . The mass ||^(i)||^2 of the solution is 
conserved. Solutions to the linear problem satisfy the Strichartz inequality (see 
[5E77]): 



(1.3) 
where 



V/GL^ 



e^^^/ 



'TV^ 



<C\\fh2, 



\U\\ 4 



xR^ 



\u{t,x)\N+'^ dtdx 
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By standard profile decomposition arguments, one can easily show that the maxi- 
mum for the Strichartz inequality is attained. The best constant and maximizers 
for the Strichartz estimates were computed by D. Foschi |Fos07j (see also |HZ06j 
for another proof) for A^ = 1,2. Before stating this result, we first recall some 
symmetries of the equations (11. ip and (|1.2p . 

The following group of transformations leaves the solutions invariant under the 
nonlinear and linear Schrodinger evolution. If {Oq, po,to,^o,xo} G M x (0,+oo) x 
M X M^ X M^, then if u is a solution to ([TTT]) (respectively (fOj) ). so is 

(1.4) e^^Vo^e»-««e-*ll«°l\ (plt + to,po (^ " ^Co) + ^o 

This includes phase invariance, scaling, time-translation, Galilean transformation 
and space-translation. Another transformation of (jl.l|) and (11. 2p is the pseudo- 
conformal inversion (see |Tal| ) : 

-+2 

Note that all the preceding transformations leave the mass and the L^^ norm 
of the solutions invariant. The linear equation is of course also invariant under 
the multiplication by a scalar: if u{t,x) is a solution, so is cou{t,x), cq G M. 
Consider the following normalized Gaussian: 

^o(a;) = ^TTTje 2 , thus, / |Go| dx = 1, 

and its linear evolution: 

(1.6) G(t,x)=ei'"G„ = ^j^^i^e-*S5. 

Theorem A (Foschi). For all f G L'^{'R^), N = 1,2, 



e^|A/ 



^+2 _ _ 4+2 -, (4^, iV = l 



4 



<Cs\\fU.,^^„ C; 



^t^/ '^''"-'' " I - iV = 2 



Furthermore, the equality holds if and only if e'"^ f is, up to the symmetries ([T 
of the equation, one of the solutions cqG, cq G C. 

Let us mention that the effect of the pseudo-conformal transformation (jl.Sp 
on G may be expressed only with the invariances (jl.4p and we can omit it from 
consideration in Theorem lAl 

The Strichartz estimate (jl.Sp is the key ingredient to prove that the Cauchy 
problem (|l.ip is locally wellposed in L^ (see |CW90j ) . For small data, the solution 

— +2 

is also globally wellposed and the global L/^ norm is finite, which implies that 
the solution scatters in L^. This was extended to large radial data in the defo- 
cusing case 7 = -1, in |TVZ07j for A^ > 3 and in |KTV09| for A^ = 2 (in this last 
work, the focusing case 7 = 1 below the mass of the ground-state is also treated). 
The proofs are mainly based on technics developed for the energy-critical NLS 
(see e.g. |Bou98] . |Bou99j . |TV05j . |Tao05j and |KM06j ). 
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In all these studies, a global Strichartz norm (in the mass-critical case, the 
_Liv+2 norm) appears as the relevant norm to control. In this work we consider 

I{6) = sup // \u{t,x)\^'^^dtdx, 

where 5 > is small and u is the solution to (jl.ip . The results cited above imply 
that 1(5) is finite for small 6, and, in the defocusing case with N > 2, for large 6 
if we restrict the maximum to radial solutions. A natural extension to Theorem 
|A] would be to show that this maximum is achieved by a unique solution (up to 
symmetries) of (jl.ip and give a precise estimate of I (5). 
Our main result is the following: 

Theorem 1. Fix 7 G {— 1,-|-1}. There exists a 5q > such that for all 6 in 
(0,(5o), the maximum 1(5) is attained: there exists a solution us of (jl.ip with 
initial condition fs such that 

\\fs\y = 6, I{6) = [[ \us{t,x)\^^^ dtdx. 

J jRxRN 
If N = 1 or N = 2, the maximizer us is unique up to the transformations ([1 
(jl.Sp of the equation. Furthermore, as (5—7-0, 



(1.7) Ii6) = Cs6^^'^ + -fDNS^-^'^ + o(5 



-11 

I AT 



where Di = - V , ^, ,,„^ ^ 0.0867 and D^ = — In - ss 0.0458. 
fc>i ^ ^ 

Remark 1.1. In particular, in the focusing case in ID and 2D, the maximum 
of the Strichartz norm is, for small data, higher than in the linear case. In the 
defocusing case, the effect of the nonlinearity is to lower this maximum. 

Remark 1.2. The constant D]\f may be expressed as 

(1.8) 

Dn = - (2+^ Jim f f \G{t)\TrG{t) f e'^^ (\G{s)\^G{s)) dsdtdx. 

Remark 1.3. The proof also shows that in ID and 2D, the initial condition of 
any maximizer with small mass 6 is (after transformations) close to 6G0, where 
Go is the normalized Gaussian. See Proposition 13.31 and Remark 13.41 for a precise 
statement. 

Estimates of Strichartz norms for critical nonlinear problems are only known 
in a few cases. Super-exponential bounds were obtained by T. Tao for radial 
defocusing energy-critical equations: Schrodinger equation in space dimension 
higher than 3 [TaoOSj . and wave equation in 3D |Tao06| . An equivalent of the 
maximizum is given in |DM09| for the energy-critical focusing Schrodinger and 
wave equations (in space dimensions 3, 4 and 5), close to the energy threshold 
given by the stationary solution. 

The fact that the maximum of the Strichartz norm is attained is new for a non- 
linear equation. The proof of this result is based on time-dependent adaptation to 
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concentration-compactness arguments (see e.g. |Lio85] ) and on a super-additivity 
property of I (6) which we show by general estimates on small solutions of (11. ip . 
As stated in Proposition 12. 12] the proof would extend to larger data provided the 
scattering of all solutions and the super-additivity properties are shown for those 
data also. This proof is flexible and should also easily adapt to other equations, 
e.g. the energy-critical NLS and wave equations for small data and (together with 
the methods of |DM09j ) close to the energy threshold. 

On the other hand, the proof of the uniqueness of the maximizer and of the 
estimate (jl.Th is specific to the mass-critical problem, and strongly relies on the 
results of |Fos07j and |HZ06j . A key element is the nondegeneracy of the Gaussian 
for the nonlinear problem, in the orthogonal space of the null directions related 
to the invariances of the equation: 

Theorem 2. Assume N = 1,2. There exists c > such that if ip £ L'^ satisfies 
the following orthogonality properties (x £ M.^ ) 

(1.9) f^Go=f^\x\''Go = 0, fipxGo = O^N, 

then 

Q{^) > c\\ip\\l2, 
where Q is the quadratic form associated to the second derivative of the mapping 



f^Csi \f\'dx 



from LP' to [0,oo), at the critical point f = Gq 



e^|A/ 



2+^ 



dtdx 



We refer to (j3.3|) for an expression of Q. This result is an analogue, for the 
Strichartz estimate, to the non-degeneracy of the maximizer j^^^ for the 

(l+|x|2)^ 

Sobolev imbedding H^{M.^) ^ L^^{M.^) (see |Rey90| ). 

To show Theorem [2l we apply a lens tranform ( |Nie741 IRVL+OO] ICar02j ) , re- 
lated to the pseudo-conformal inversion, to the solutions of (jl.ip . which turns the 
Laplace operator into the harmonic operator —A -|- \x\'^. The result then follows 
from explicit computations and a formula of Wei-Min Wang [Wan08| on products 
of eigenfunctions for the harmonic oscillator. 

The outline of the paper is as follows. In Section[2]we show that the maximizer 
is attained and in Section [3] we prove the estimate on I (6). In Section H] we show 
the uniqueness of the maximizer. Section [5] is devoted to the proof of Theorem [2l 

Ackno'wledgment. The authors would like to thank Keith Rogers for pointing 
out the article [WanOSj . 
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2. Existence of a maximizer 

In this section, where there is no restriction on the dimension A^ > 1, we show 
the first part of Theorem [TJ 

Proposition 2.1. There exists 5o > such that if 6 & {0,6q), then there exists a 
solution us of (jl.ip . with initial condition fs such that 

(2.1) \\f^\\^2n^N)=5 and If \us\^+'^ dtdx = I{5). 

J jRxRN 

After some prehminaries ( ^2.ip we show in ^2. 21 a crucial super-additivity prop- 
erty of I{S), which rehes on rough estimates of I (6) and its growth rate. In 
^2.31 we use this property to prove Proposition 12.11 by concentration-compactness 
arguments. 

2.1. Profile decomposition. We recall here from |MV98j a profile decomposi- 
tion adapted to the Strichartz estimate for the linear equation (|1.2p . We start 
with a long time perturbation result for the equation (jl.ip . 

Lemma 2.2 (Long time perturbation). Let A > 0. There exists C = C{A) > 

and a small 6o = do{A) > such that the following holds: Let u G C'^(M, L^.) and 

solves 

1 j_ 

idfU -\ — Au + ^\u\ Nu = 0. 

Let u = u{x,t) G C^(K,L'^) and define 

1 ± 

e = idtu -\ — An -|- 7|n| nu. 



Assume \\u\\ 4 , , < A, and for some e < 5q 

II II ^+2 — ! J U 



lell 2{iv+2) < e and 

T N+i 



i^i^A 



e^^^{uito)-u{to)) 



4 



<e, 



then 



\u — u\\ 4 , , < C e. 



We s kip the proof of Lemma O We refer to |Bou99| , |TV05| . |CKS+08] . 
|KM06j for similar result for the energy-critical case, jHROSj for a subcritical case 
and [TVZ081 Lemma 3.1] for a statement close to Lemma l2.2l in the mass-critical 
case. 

We next turn to the profile decomposition. If Fq = {po, to, S,o, xq} G (0, -|-oo) x 
M X M^ X R^, and n is a function of space and time, we will denote by ro(u) the 
function 

,f pia;-?Op-j||5o|%, f „2. - ' * 



(2.2) ro(n) = po^ e*-«Oe-^2l«ol ^ U^t + t^^p^ l^, _ _^J + ^^ 

As we have seen in the introduction, if u is a solution to the linear equation ()1.2 
(respectively, to the nonlinear equation (jl.ip ). then ro(M) is also a solution to ()1.2 
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(respectively, to (jl.ip ). We say that two sequences of transformations {T^} and 
jr^l are orthogonal when 



hm 4 + 4 + 



|Sn sn| 1,1 

+ En 



pi 






fl ;^1 _ t2 
^ Fn 



+00. 



(2.3) 

We recall from |MV981 Theorem 2] (see |Ker06j in space dimension 1, |BV07] for 
general space dimension) , the following profile decomposition result: 

Lemma 2.3. Let {fn} be a bounded sequence in L^(]R ). Then there exists 
a subsequence of {fn} (still denoted by {fn}), « family {U^}j>i of solutions to 

(jl.2p . and sequences of parameters {Tn}n, such that if j ^ k, \Tn\ is orthogonal 
to {r,^} and for all J, 

J 

(2.4) /„(x) = ^r{ (C/^) (0,x) + hi{x), 

where 

0. 



lim lim sup 

J— >-+oo n— >oo 



S^hi 






Remark 2.4. As a consequence of the orthogonality of the transformations Tn^ 
the following Pythagorean expansions hold for all J > 1: 

J 



(2.5) Il/n|li2-^||t/^'(0)||!,- 11/1,^11' 



lL2 



n|lL2 



0, 



(2.6) 



e'^^A. 



|iV+2 



e^^^/i:! 



0. 



Z / II I 

Let {fn}n be a sequence in LP' and assume that the corresponding solution 
to (jl.ip is globally defined and satisfies ||/„|| 4^2 < 00. Consider the profile 



rlV+2 



^+2 
r^+2 



decomposition given by Lemma [2.31 Let V^ be the nonlinear profile associated to 
{[/■', tn}n., that is the unique solution of (jl.ip such that 

^]^JU^{tl)-V^{ti)\\^,=Q. 

Assume also that the V^^s are globally defined and such that ||V^-'|| 2+ " is finite 
for all j. Combining Lemmas 12.21 and 12. 3j one gets a nonlinear version of the 



decomposition ([27 

Corollary 2.5. Let {/«}„ is as above and {u„}„ be the sequence of solutions to 
(jl.ip with initial conditions {fn}n- Then 

J 
(2.7) Unit, x) = J2 ^i (V) it, x) + hiit, x) + ri{t, x) 



with 



i=i 



lim lim 

J— !>+oo n— 5>+oo 



W'^W 4 



+ sup \\r^{t)\ 



L2 



0. 
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Remark 2.6. Using the orthogonality of the sequences of transformations {r:^}n, 
it is easy to check that 



(2.^ 



hm hmsup 



Ur, 



f+2 



Li 



IV -I 



Ell^^' 



i=i 



1^+2 



0. 



2.2. A superadditivity property of the maximum. In this paragraph we give 
various estimates on I{S). Tlie main result is the following proposition, which is 
one of the steps (along with a concentration-compactness argument) in showing 
that the maximizer is attained: 

Proposition 2.7. There exists 6o > such that if < \/a'^ + /3^ < Sq, then 

I{a) + I(/3) < / (Va2 + /32) . 

Remark 2.8. Superadditivity (or subadditivity for minimizers) conditions are clas- 
sical in this context (see |Lio841 Subsection 1.2]). 

The proof of Proposition 12.71 relies on two estimates on I{6) that we treat in 
Lemmas 12.91 and 12.111 below. 

Lemma 2.9. There exists a constant Co > such that for small (5 > 0, 



(2.9) 



I[5)-Cs5^^'^ <Co5^+2 



where Cs is the best constant for the Strichartz inequality 

4+2 



(2.10) 



e'^^f 



dtdx<Cs\\f\\ 



i+2 
L2 • 



Before proving this lemma, we start by a straightforward consequence of the 
small data well-posedness theory for equation (jl.ip (see |CW90j ). 

Claim 2.10. There exists a constant C > such that if \\f\\L2 is small, then 



e^'^^f-u 






+ 2 



<c^ll/ll 



^+1 

L2 ' 



where u is the solution of (|l.ip with initial condition f . 

Sketch of proof. The Cauchy problem theory for (II. ip implies that for small initial 
data 



\u\\ 4 , , < 2 

I II r lV+2 — 



L2. 



Since 



u{t) = e'2^f + i-i 



/■*g|(t-s)A|^( 

Jo 



s)\ Nu{s)ds, 



the claim follows from Theorem |A] and the Strichartz estimate 

ft 



62 



|(i-s)A 



ip{s)ds 







r+2 



<CM 



2(N+2) ■ 

N+4 



D 
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Proof of Lemma \2.9l Let li be a solution of (jl.ip with initial condition / such 
that ||/||^2miv^ = 6. Then 



e'^^/(x] 



<C 



f+2 



dtdx 



\u{t,x)\N+'^ dtdx 



^A^ 






\U\\ 4 , , 



e*|A 



/ 



^+1 



+ u 



<C 



e'-2^f - u 



jTf- 






+2 



where the last line follows from the triangle inequality and then from Claim [2?T0l 
Applying the previous inequality to the initial data / = 5Fq , where Fq is the initial 
condition of a maximizer for Strichartz estimate (12.10p . and then to a sequence 
{/„}„ such that ||/„||i2 = 6 and // |u„|iv+2 _^ j(^S), we obtain (f2l9]l . D 

We next estimate the rate of growth of I (5). 

Lemma 2.11. If 5 is sm,aU and e < ^S, then 

(2.11) /(,5) + ci 5^+'^e < I{6 + e) < I{6) + Ci 5^+^ e, 

where ci = -^ Cs and Ci = 2 ( -^ + 2) Cs- 

Proof. Step 1. We first show that there exist C2, eo > such that if / G L^ with 
||/||j;^2 + e < eo, u is the solution of (jl.ip with the initial condition /, and v^ is the 
solution of (jl.ip with the initial condition (1 + e)/, then 



(1 + e)- 



F+2 



^+2 



il+2 



<C2e 



f+2 



L2 



First, observe that u^ = {1 + e)u is a solution to the equation 



•^ 1 A 1 

lOtU^ + -Aue H - 

2 (l + e)iv 

We rewrite the above equation as 



u,|ivu, = 0, ^^^4=0 = (1 + e)/- 



1 A 

idtUe + -AUe + \Ue\NUe 



1 



1 



V (1 + e)^ 
noting that for small e, Strichartz estimate implies 

1 



1 



(1+^: 



lUfl'^Uf 



2(N+2) ^ C e 

T Af+4 
^t,x 



C e\\Uf 



<Ce 



^t,X 



|1+^ 



^^ N 



2(N+2) 



L2 



Since v^ is a solution of 



1 ± 

idtVe + -Ave + l^^el '^f^e = 0, 7;,ri=o = (1 + e)/, 
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by the long time perturbation Lemma [221 we get 



Mf - Vf 






<Ce\\f\\ 



f+i 



L2 



Hence, 



4,9 
kifh" dtdx 



4,9 
bJ'v dtdx 



< C \\Ue — fell 4 ^2 IIJ 11^2 



< CeWfW-,'-', 



^+1 



which concludes Step 1. 

Step 2. Let e, 5 > 0. First, we show the lower bound of I{6 + e). Let / G L^(M^) 
be such that 

(2.12) 11/11^2 =6 and ^/" 1"'^+ -^1^+^ 



M(t, x)|iv+2 dtdx > I{6) - 6N+^e, 



where u is the corresponding solution of (ll.ip and we used the supremum property 
of I{6). Let Ue be the solution of (jl.ip with the initial condition (l + |) /. Then 

||ne(0)||i2 =5 + £. By Step 1, 



I{S + e)> // |'Ue(t,x)|iv+^(itdx 



^'-r*- 



By dHZD, we get 

/('5 + e)> 



--l-n 



|n(t,x)|^+2-C2§5^+2^ 




/(5) - 6^+'e] - C26^+'e. 



Lemma [22] implies I {6) > CsSn'^'^ — Cq^^'*'^, hence, 
1(5 + e)> I{6) + Cs (^ + 2) 6^+'e 



6^+'e. 



Now if e < ^(5 and 



6< 



Cs 



4 + 6C0 + C2 



N/4 



4+1. 



the last term in the expression above will be less than 2Cs5'^ e, and thus, the 
right side in (j2.1ip follows with ci = -^ Cs- 

The upper bound on I[5 + e) follows similarly from Step 1 and Lemma 12.91 
obtaining the left side in (l2TT]l with Ci = 2Cs (^ + 2) . D 



We next prove Proposition [27 
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Proof. Without loss of generality, we can assume < a < /?. 

Step 1. We first show that there exists a large constant C3 > such that the 
conclusion of the proposition holds if 

(2.13) ^3/3^+^ < a < /3. 
By Lemma EU 

I(q) + /(/3) < Csa^+2 + C5/3^+2 + 2Co/3^+^ 

and Cs [a^ + Z?') ^+' < / (V^^T^) + 2CoP^+\ 
There is a constant kjv > such that 1 + x^"*"""^ + k^x < (1 + x)^'^'^ for x G [0, 1]. 

4-4-4- _l_ 1 

As a consequence, aJv+2 _)_ /Jiv+2 _|_ kj^ fjNo^ < (a^ _|_ ^2^ iv ^ Combining with 
the previous estimates, we get 

/(a) + /(/3) + Cs KN 13^ a^ - 4Co/3^+2 < j (^^«2 + ^2 ' 

which yields the announced result if C3 is chosen large in (j2.13p . 

Step 2. We next show that the conclusion of the Proposition still holds if 

(2.14) < a < C3/3^+\ 

where C3 is the constant defined in Step 1. Choosing 60 small enough, /3 < 5q and 
(pJijl imply 

By Lemma [2lTt with 5 = f3 and e = ^J a^ + /S^ - /3, 

/(/3) < / (y^^T^) - ci/3^+1 ( Va2 + ^2 -/?)</ ( V«' + /32) - ^/3^a2^ 
Combining with Lemma 12.91 we get, taking a smaller (5o if necessary, 
/(a) + /(/3) < / ( Va^ + /32) _ ^/3^a2 + 2C5a^+2 



< / [^Ja^ + /?2j +a2/3iv (20503^^/3^ ^ 

which shows that the conclusion of the proposition holds also in this case, provided 
5o > is small enough. D 

2.3. Proof of the existence of the maximizer. Let us show Proposition 12.11 
We will prove the following more general result: 

Proposition 2.12. Assume that there exists a constant A > such that 

(i) Scattering: for all f ^ L"^ such that ||/||l2 < A, the solution u of (II. ip 
with initial condition f is globally defined and 

5<A^I{5) <oo. 



(ii) Superadditivity: if < \l a^ + 0^ = A, and a, /? > 0, then 

I{a) + liP) < I {A) . 
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2 



Then there exists a solution ua of (ll.ip with initial condition Ja £ L such that 

\\fA\\L^=A, f f \ua\'+^ = I{A). 



In view of the small data global well-posedness theory and Proposition 12.71 
Proposition 12.121 implies Proposition 12.11 Let us prove Proposition 12.12] 
Let {un}n be a sequence of solutions to (jl.ip with initial data fn such that 



\\fn\\L2(^N)=A, lim // |u„|iv+^ = /(A). 



4 



We will show that there exist a subsequence of {un}n and a sequence {r„}„ of 
transformations such that {r.„(n„)}„ converges strongly in L^. Consider, after 
extraction, a profile decomposition of the sequence {fn}n'- 

J 
(2.15) fn = Y.^i{U^)^,^, + hi. 



It is sufficient to show that U^ = except for one j and that lim„_j.oo ll/inlli^ = 0, 
which we will do in two steps. 

Step 1: no dichotomy. First assume that there are at least two nonzero profiles, 
say C/^ 7^ and U"^ ^ 0. Let V^ be the nonlinear profiles associated to {[/^,t^} 
and Vn the solution of (jl.ip given by 

Let Wn be the sequence of solutions to (jl.ip with initial condition 

W^n(O) = fn- K(0). 

Let Vn = Un — Vn — Wn- By assumption (jj), all the nonlinear profiles V^ scatter. 
Thus, one can use Corollary 12.51 showing 

lim sup||rn(t)||L2 = 0. 



Furthermore, (see (|2.5p and Remark] 

(2.16) / |/„|2 = j |K(0)|2 + j |I^„(0)|2 + On{l) 

(2.17) [[\un\^+^= //|K|^+'+ [[\Wn\^+^+On{l). 



Let e = \\U\0)\\l2. Then for all n, e = ||K(0)||l2. By (f2T6]) . 

\\Wnm\l2=A^-e^ + 0n{l). 

By our assumptions, e > (otherwise, U^ would be zero) and A^ — e'^ > 
(otherwise, U^ would be zero). Using that JJ |u„| Jv+2 tends to I{A) as n — )• oo, 
and that by Lemma E21 limsup„ / |T4^„,|^+^ < I{VW^^), we get by OTtP 



(2.18) I{A)<I{e) + I[^VA^-e^ 

This contradicts assumption ([n]), concluding Step 1. 
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Step 2: non vanishing and the end of the proof. There must be one nonzero profile 
in (pJ5]) . If not, then 

lim //|n„|^+2^0, 

showing that I{A) = 0, a contradiction. It remains to show that the remainder 
hn = h:^ in (|2.15p tends to in L^. Denote by 

e = lim ||/i„||l2, 



then, using again Lemma 12.2^ we get I {A) < I{\/A'^ — e^), which shows by as- 
sumption dnj) that e = 0. 

Denoting by U^ the only nonzero profile in (j2.15p . we have shown that (r^)~^(M„) 
tends to U^ in L^, and therefore, 

\\U'\\l^=A, jj\U^\^+^ = I{A), 

concluding the proof of the proposition. D 

3. Estimate of the maximum of the Strichartz norm 

In the remainder of the paper, we restrict ourselves to ID and 2D. In this 
section we prove the second part of Theorem [TJ 

Proposition 3.1. Assume that N = 1 or N = 2. Then as 5 ^ 0, 
I{6) = If |n5|2+^ = CsS^^Tf + -iDN5'^+T^ + O (s^^- 



{2k)\ , 14 

, -Vtttttt ~ 0.0867 and D2 = — \n- 

7r^^k9^{k\f 2-K 3 



where Di = -Y^ , ^Z'7.'..^ ^ 0.0867 and D2 = ^In^^ 0.0458. 

'TT ^ ^ 

fc>l 



Before proving Proposition 13.1} we define the quadratic form associated to the 
maximum of the Strichartz estimate that appears in Theorem [2j By Theorem [XJ 
if G is the Gaussian solution defined by (jl.6p and (^ G L^, then 

Cs( I \Go + v\'' 



l+jf /■/■ o, 4 



G + e*2^V9 



^-^-^ > 0. 



Expanding the above inequality and using that G is a maximizer, we obtain that 
the linear part vanishes, i.e., 

(3.1) V(/?gL2, CsRe f Goip = Re ff \G\^Ge'i^ip. 
The expansion at second order in ip yields 

(3.2) Cs (I |Go + (^1^) " -JJ\g + e'i\\'^^ = Q(^) + O (||v.||i.) , 
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where Q is a (real) nonnegative symmetric quadratic form on L^ defined by 

A^ + 2 /■, 2 4(iV + 2) 



(3.3) Q{v) = Cs 



N 



■jw?. 



\G\ 



e'-2^^ 



2 2{N + 2) 

iV2 



Re / Gqlp 



Re// |G|^"2GMe't^^ 



By tlie transformations of the hnear equation (respectively, multiplication by a 
real number, phase shift, space translation, Galilean invariance, scaling and time 
translation), we have 

(3.4) Q{Go) = QiiGo) = Q{xGo) = QiixGo) = Q{x'^Go) = Qiix'^Go) = 0, 
if iV = 1 and 

(3.5) Q{Go) = QiiGo) = QixjGo) = Q{ixjGo) = Q{\x\^Go) = Q{i\x\^Go) = 0, 

(where j = 1,2) if A^ = 2. Theorem [21 which will be proved in Section [5] states 
that Q is positive definite in the subspace of functions in L^ that are orthogonal 
to the directions in (j3.4p or (|3.5p . This non-degeneracy property is crucial in the 
proof of Proposition 13.11 which is divided in two parts. 

3.1. Choice of the maximizer. We first give a corollary to the linear profile 
decomposition that will be needed in the proof. Recall from (|1.6p the definition 
of the normalized Gaussian G . 

Lemma 3.2. Let {fn}n be a sequence in L^(M ) such that 

(3.6) lim Wfnh^ = 1, 

n— >oo 

and 



(3.7) 



lim 

n— >oo 



e^^^/n 



F+2 



dt dx = Cs- 



Then there exist a subsequence o/{/n}„ (still denoted by {fn}n)j ^ phase 9q and 
a sequence {r„}„ of transformations of the form (12. 2p such that 



(3.8) 



lim 

n— >oo 



Jn 



J8o 



r„(G) 



L2 



0, 



where G is the normalized Gaussian solution defined in (jl.6p . 

Proof. This is an application of Lemma 12.31 and the uniqueness result of Foschi 
[FosnTj . 

After extraction of a subsequence, the sequence {fn}n admits a profile decom- 
position of the form ()2.4p . At least one of the profiles is nonzero. Indeed, if it 



was not the case. 



e^^^/n 



LN 



+2 



would tend to 0, a contradiction with (j3.7p . Re- 



ordering the profiles, we may assume that C/^ 7^ 0. By the Pythagorean expansion 
dl^D and by (fSTTll 



Gs + On{l) 



^-^fn 



'^^ dtdx < Gs UU^WI,^^ +\\wi\\l,^^] + 0n{l). 
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Using that by (|2.5p . ||'*^n||L2 = 1 ~ II^^IIl^ "*" ^ni^), we obtain from the previous 
expression that 



L'^J ' V II 11^^ 

which shows that ||t/^||j;^2 = 1 (we aheady excluded the case ||C/"'^||2,2 = 0), and by 
(|2.5p again 

hm \\fn-TiiU')mL2=0. 

n— ^oo 

By our assumptions on /„ we obtain, passing to the hmit, that ||C/"'^(0)||^2 = 1 

— +2 

and ||f^"'^||'^4 = Cs, which shows by Theorem lAl that U^(0) = Go up to the 

symmetries of the equation (i.e., the transformations of the form (12. 2p and the 
multipUcation by a phase e ''), which completes the proof. D 

Proposition 3.3. There exists 6o > such that if {u'^}q^s<5 ^^ a family of maxi- 
mizers, i.e. u*^ satisfies ()2.ip . then for all 5 G (0,5o) there exists a transformation 
Us of u*^ such that fs = us{0,x) satisfies: 

fs = asGo + (P5, lim ^ = 1, 
<5-!>0+ 



with ifg satisfying the orthogonality properties (|1.9p and 

(3.9) V5g(0,<5o), \\ip5\\L^<C6'+^. 

By "transformation" we mean a symmetry of (jl.ip which is a combination of 
transformations of the form (jl.4p and (jl.Sp . 

Remark 3.4. We will later improve the estimates on ips and as and obtain (see 

y6e{0,6o), Wifsh^ < CS^+^ and \as - 6\ < C6^+^ . 

Proof. The proof is divided into three steps. 

Step 1. Closeness to Gq. In this step we show that if 5 is small enough, there 
exists a transformation vs of w| which satisfies the maximizer equations (12. ip and 

(3.10) limS^^Wgs — SGo\\]^2 = 0, where gs{x) = vs{0,x). 

Arguing by contradiction, we see that it is sufficient to show that for any sequence 
(5„ — )■ there exists (after extraction of a subsequence) a sequence of solutions 
{v5„}n that are obtained as transformations of n| and satisfy (13.10p . 
By Claim 12.101 and Lemma 12.91 there exists a constant C > such that 



\e'-^^f*sf+^dtdx-Cs6l~' 



24- — 
<C5n ''■ 



By Lemma [3. 2 1 we obtain after extraction of subsequences that there exist ^o £ 
and a sequence of transformations {r„} such that 



(3.11) lim 5-^ fl-S^e'<^oY^iG)^t: 



n— )-oo 



= 0. 

L2 
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Note that, by (ILGj) . 

N_ 
r„(G) rt=o = p^ e"-«"G {tn, PnX + Xn) 



N_ 
Pn c 



7r^/4(l+it„)^/2 



g 2(l + it„) 



And thus, by the change of variable y 



pnX-\-Xn 



i9oi 



fl{x)-5ne''^Tn{G)^,^, 



L2 



;tn\y\- 



Z fSn 



iV 

vr 4 



c^y, 



where e* 



N 

1 + itn 



. Consider the solution ws^^ of (jl.ip with initial condition 



hsAx) 



'i+t^y 






Pn 



Pn 



and the solution vg^ of (jl.ip with initial condition g^^ = e* 2 /i^^. Then wg^ is 
an image of u'g by phase, scaling, space translation and Galilean transformation 
(see (jl.4p ). Furthermore, vs„ is obtained from ws„ with a combination of pseudo- 
conformal transformation and time translation. Namely: 



^5„ (*> x) 



N/2 



-g 2(int + l) ^ c 



tjiX 



[tlt + tnrl^ '^""Kl + tnt't^t + tn, 

All these transformations preserve the L^ norm and the global space-time L '^n 
norm, which shows that 

\\9sJl2 =Sn, // \V5„ 
By dMH), 



7+2 



I(<Jn). 



lim — \\gs„ -SnGo\\^2 = 0, 

n-s>oo dn 

concluding the first step. 

Step 2. Orthogonality conditions. We next show that the statement of the propo- 
sition holds if (j3.9p is replaced by the weaker condition 

(3.12) lim5~'^\\ips\\L^=0. 

(5^0 

For this we must show that there exists a transformation ug of vs such that ips 
satisfies the orthogonality conditions (|1.9p . Consider the unit ball 



Bl2{Go,1) = {f e L\ ||/-Go||i2<l}, 
and define, for small 5 > 0, a differentiable mapping 



$5 :M X (0,+oo) X M X 



t,N ^^ mN 



xBL2iGo,l) 



X M X M^ X M^ X 
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as follows. If 6^0 G M, To G (0, +oo) x M x M^ x M^, / G 5^2 (Go, 1), us is the 
solution of (jl.ip with initial condition 6f and 

N_ 

Us{x) = 6Go - e'^'To {us) ^t=o = ^^o - e^'Vo e'^^'^'^s (to, Pox + xq) , 
then $5(^0, To, /) = (#J, ^j, ^l ^j, $^) is defined by 

^l = ^lm fusGo, '^j = ^Re fus (\x\^-^]go, <^I = ^Im f Us xGo, 

<^j = ^RejUsxGo, '^l = ^lmjus (\x\^ - ^] Gq. 

Denote by Tj^ = (1, 0, 0, 0) the identical transformation. Note that <&5(0, Tiii, Gq) = 
0. Then: 

Claim 3.5. For small 5, there exist {6, T) close to (0, Ti^i) such that 

^s (os,rs,^gsj =0, 

where gs is the initial condition of the maximizer vs defined in step 1. 

We refer to Appendix[X]for the proof of Claim [H3] which is based on a standard 
application of the implicit function theorem. 

Let Us be the solution of (jl.ip with initial condition 

fs = e'''Ts{vs)^t^^. 
Then by (IXTOj) . 

(3.13) hm r Ml/5 -5Go 11^2=0. 

2+ — 

Furthermore, from the invariance of the L^ and Ll^^ norms by the transforma- 
tions of the equation, us satisfies the maximizer equations (|2.ip . 

The fact that $5 {6s-,Ts.,5~^gs) = means that fs satisfies the orthogonality 
conditions 

(3.14) lmJ{fs-6Go)Go = 0, J {fs - 6Go)xGo = 0, 

(3.15) J {fs - 6G0) (|x|2 - ^"j Go = 0. 

Let as = Re f fsGo and (fs = fs — o^sGo, so that Re J ipsGo = 0. By (|3.14p and 
(j3.15p . ifs satisfies the orthogonality conditions ()1.9p . By ()3.13p . lim^-^o cis/S = 1, 
which concludes Step 2. 

Step 3. Proof of the estimate (j3.9p . In this step we conclude the proof of Proposi- 
tion [3i3] using the coercivity of Q (Theorem[2]). To simplify notations, we will omit 
the index 5 and write u, /, ip and a instead of us, fs, ^s and as- All estimates 
stated hold for small 5 > 0. 
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By Claim Eini 



e'2^fdtdx 



2+4 



< C5^+^ 



u-e'i^f 



2,4 <C6'^+N. 

j^+TT — 



Recalling that ^f = Go{x) + ^9^ and using the expansion of the Strichartz norm, 
we obtain 



luP"^^ dtdx = a^+iv 



a 



2+1 



dtdx + O 



(5^+^) 



Cs / l/r dx 



1+- 



a2+4Qfl^^+a2+A0/^l 



^\\h] +0(5'-^N 



Csd^^^ -a^Q{ip) + o(a^-^M\l2] +0(5^+ 



Using that u satisfies ()2.ip . we get 






dtdx = I{6) = Cs5^+^ + O (6^ 



and thus, 



aNQ{ip) = 0[a 



I, 7\r -■- 



V^IIl^ 



+ (J^+lv =0 Qlv||y,||22 



„4ii,„ii2 IMl^ 



a 



+ 6^+fr). 



By Theorem[2l \\ip\\\2 ^ Q ('P)) and thus, using that ^ \\^\\l2 — ;> as 5 — ;> 0, 

^11 ii2 



^'' ''2 _of<52+A 



which shows 



D 



3.2. Proof of the estimate on the maximum. The idea of the proof of Propo- 
sition 13.11 is to compare I (6) with the L ^n norm of Hs, the solution to the 
nonlinear equation (jl.ip with the Gaussian initial data 5Go. We have 



|u5p+^ dtdx = I{5) > 



|i?5p+^ dtdx. 



The global L '^iv of Hs may be estimated as follows: 



Lemma 3.6. Let 

(3.16) 



2 + — 1 Im 

N 



Dn = 

Then for small 6 > Q, 



\G{t)\NG{t) 



e»V^^ ( \G{s)\^G{s) ) dsdtdx. 



(3.17) ff\Hs\'^^^dtdx = 5^+^ f f \G\'^+^ dtdx + jDnS^+^ + O U^-^- 

The exact value of the constant D]y will be computed in AppendixlB] (dimension 
1) and Appendix [Cl (dimension 2) . 
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Proof of Lemma [X5l Since G is the linear evolution of Go, we have 

Jo 
We approximate Hs by vs'. 



where 
(3.18) 



V5{t,x) = 6 (G{t,x) + 7(5Jvr(i,x)j , 



r{t,x) = i e'^^\G{s)\TrGis)ds, 
Jo 



in other words, vg solves 



1 



-A-i_ii^i A 

S AT^-^ /' AT I 



idtvs + -Avs + j5n+'\G\nG = 0, vsiO, x) = 5Go(x), 



and r solves 



1 4 

idtr + -Ar + \G\NG = 0, r(0,x) = 0. 



Since by Claim EH 



H5\^Hs-5^+^\G\^G 



2(JV+2) 

T N+4 



N 



<C\\Hs-6G\\^,,^[\\HsV^^^ + \\6Gl 

t,x 



t,x \ 1^^ , 



< C6n+\ 



by Strichartz estimates, we have 



"TV 



and thus, 



\Hfi\'^+N dtdx 



If^l "^AT dtdx 



<\\Hs-vs\\ ,+ 4 II^Goll^t'" <<5'+^, 

'^t.x 

which is exactly the power of higher order terms in (j3.17p . It remains to estimate 
// 1^(5 1 ~^^ ■ Note that if A and B are functions of space and time, 



,3,19) // 



^ + 5P+^ 



|2+# 



\A\^^N + I 2 + — jRe // \A\nAB + 0[ // \A\n\B\^ + \B 
By (j3.19p and the definition of vs we get, 
II \vs?+T^dtdx = 6'^+^ ll\G\^+^dtdx 

+ 6^+^ (2 + ^) Re II \G\^Grdtdx + oU'^+-' 
which concludes the proof of Lemma r3.6l in view of the definition (|3.16p of Dj^. D 
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We next prove Proposition 13. II Let us, fs, (fs and as be as in Proposition 13.31 
We have 



(3.20) 



us = S^ jasGo + ips) + h I e'-^^ (\us{s)\^us{s)Jds. 



e''-\s 



By (j3.9p and Strichartz estimate (jl.3p . 

,^<C\\ips\\L^<C5' 
Expanding the B term in (I3.20p and applying Strichartz estimates again to bound 

2-1- - 

the terms in tps, we get (the Cs are estimated in the space L^ ^' 

ft ,, > 



2+^ 



B = i^ e* 2 ^ [\us{s)\nus{s)) ds 



Z7 / e* 2 ^ 

'0 

. 1+ 
= z7a^ 



JSA_ Af 



ds + O ( (5^+ 



a5G(s) + e*2^v?5 (^05^(5) + 6*2^(^5 



And thus, by ([3J9]) and ([3:20]) . 



(3.21) // \us\^^Ndtdx 



asG + e'2^ips 
t 



2+^ 



dtdx 



2 + ^J7a^^^Im f f \G{t)\^G{t) r e'^^ (\G{s)\^G{s)) dsdtdx 



+ 0(51+^11^,11^2) +0(52+22 



By the equation (j3.2p 



2+1 



Oc 



2+^ 



Cs 



dtdx 



Go H (/?, 

05 



Q 



L2 



{—'Ps) 



+ o[ — \\ips\\h 



a' 



By ([121) and (l3:2T]) . using that 



(3.22) 



\asGo + ips\\L2 =S =as + \\(Ps\\l2 = as + C> [S 



we get, in view of the definition (j3.16p of D 



N, 



(3.23) //l 



us\ ~^N dtdx 



Cs6^+i - ai'Qiips) + T^iva'"'^ + O (5^+^ W^sh^ ) + O (6^+ 



P+il dtdx > C5<52+^ +7l?7v<52+^ + O ((5^+^ 
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By Lemma 13.61 

\us\ 
Combining with (j3.23p . we get 

Using that by (j3:22]) 



a/Q(<^5) = O f^^+f ) + O f(5l+^||(^5||L2 



this simpUfies to 

Let X = 1 1 (/^^ 1 1^2(5" ~N. By the preceding estimate and Theorem [2l there exists 
a constant C > independent of 5 such that X'^ < C(l + X). This imphes that 
X is bounded independently of 5, i.e. 

(3.24) ||<^5||l2 = O (51+^) . 
By ([3:23]) again, 

(3.25) I{6) = [[ |n5|2+^ = C552+A ^ ^1)^52+^ ^ ^ [^s+f \ ^ 



The proof is complete, except for the computation of Dn which is given in ap- 
pendices [B] and O Note that as announced in Remark 13.41 the estimate (|3.24|) 
improves the preceding estimate ()3.9p on ips- □ 

4. Uniqueness 

In this section we show the uniqueness part of Theorem [TJ We assume again 

iVG{l,2}. 

By Proposition 12.11 there exists, for small 6 > 0, a. maximizer for I {6), i.e. a 
solution us of (jl.ip such that 

(4.1) \\f5\\L^=S, ll\us\^+^=I{5) 

(as usual fs{x) = us{0,x)). By Proposition 13.31 and Remark 13.41 assuming again 
that 5 is small, any maximizer for I{6) satisfies, after transformation, the following 
properties: 

(4.2) fs = asGo + 995, 
where 935 G L^(R''^) and 05 > are such that 

(4.3) fipGo=fip\xfGo = 0, f^xGo-- 

(4.4) \\ips\\L2 <CS^+7r, as>0 and \a5-6\<G6^- 



4_ 

' N 
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We must show that if C > 0, there exists 60 > such that if 6 £ (0, 60), there is 
at most one solution us of (fTTI) satisfying (fO) . (l42l) . (|43]) and (lil4]l . 

Let us fix a small (^ > and a maximizer u^ satisfying (j4.ip . (j4.2p . (j4.3p and 
(|4.4p . The strategy of the proof is to expand J \v\'^~^^ , where f is a solution of 

(jl.ip which is close to us- In ^4. II we expand v and J" |u| ^" at first order, in ^4.21 
we obtain a second order expansion involving the quadratic form Q. Assuming 
that V is another maximizer, the conclusion will follow from Theorem [2j 



4.1. Linearization. 



Lemma 4.1. There exists a linear operator Ls : L 



t,x 



24.A 

L^^'^ such that 



(4.5) 






with the following property: if v is a solution of (II. ip with the initial condition 
fs + ip, where 



L2 < S, 



(4.6) 
then 
(4.7) 

Proof. Let w = v — ug. Then by Lemma |2. 2 

(4.8) 



v-us-Ls[e'2'^'ilj 



^t,: 



4 <C6^-^ 



2 

L2- 



■w 



^t.: 



4 < 

'TV — 



L2- 



Writing Duhamel's formula for us and v = u^ + w, we get 

w = e*2^^ + n / e'^a"'^ (l'"(5(s) + w{s)\n (^us{s) + it;(s)) — |u5(s)|ivii^(s) j ds. 

4 
Expanding |u5(s) + 'w(s)|"'v (^^(s) + w{s)), one can write the preceding equality as 

(4.9) w = e'^^'il' + Lsw + Rsiw), 



where the linear operator Ls : L^^'^ 



2+± 

Lf-^'^ satisfies 



(4.10) 

and Rs satisfies 



Lsw 



, , 4 < C6n \\w\, , , ^ , 

r-'+TT II ,2+Tn- J 



Lt. 



4 

"TV 



(4.11) 

Letting for small 6 



Rsiw) 



<C[6^-'\\w\\\., +||u;||'+/4 



Ls 



1-Ls 



we obtain by (|ITTU|) that L^ satisfies (ji3|) . The estimate ([^TT]) follows from (jM]), 
(USD, (BSD and dHH). D 
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Lemma 4.2. Let Ls be as in Lemma \4.1\ Then for small 6 > 0, 

(4.12) Re // \us\^uELs (e^l^V') = wRe /^V, 
where fig > 0, which depends only on us, satisfies 

(4.13) ^i&-Cs8^ <C67r. 
Proof. Indeed, by definition 

(4.14) I{6) = max // |up+^, 



where the maximum is taken over all solutions v of (II. ip with initial condition 
fs + tp, such that J \fs + V'P = <^^- For such a solution u , write, as in the proof of 
Lemma |4.H v = us + w. Then 

b|2+il = \us + W\'^~^^ 



II \us?+^ + (2 + ^\ Re II \us\^u-sw + O (<5^ H^lUa) 



|n5r+^ + (2+ — )Re // lu^jivn^Ls ( e*2^V ) + O ( <5iv 



L2 



The existence of ^s then follows from the Lagrange multiplier equation for the 
maximizing problem (I4.14p . 

We next estimate ^5. By (|42l) and (j44l) 



Thus by Claim EIOl 



fs = 5Go + 0[5^+^) iuL\ 



(4.15) n5 = (5G + 5^+iv inL"^'^ 



2+4 



As a consequence, we obtain (assuming HV'IIl^ ^ f^) 

Re 1 1 \us\^usLsU^^A =Re //" j-u^l^u^ e^^^^V + ^ (^^^^IIV'llLa 

= 5^+^ Re //" |G|^Ge^5^V + O [^^^^ \Ml^) 
On the other hand. 

Combining with (j4.12p . we get 

5^+TJ Re II |G|^Ge^5^V' = <5w Re I Goip + O (^6^+^ Uh^ + /i55^+^ IIV^IIl^ 
By dHU, 

C;s<5i+^ Re / GoV' = ^/z^ Re /" GqV' + O (w^^^^ IIV'IIl^ + '^^+^ IIV'IIl^ 



STRICHARTZ NORM ESTIMATES FOR NLS 
'2 



23 

n 



This holds for all small ip £ L , yielding (14.130 . 
4.2. Second order expansion. 

Lemma 4.3. Let v be a solution of (II. ip with initial condition fs+ip, and assume 

j\f8 + i'? = 5\ 
Then 

(4.16) /"/"|t;|2+^ =/(,5)-(5^Q(V') + OU^"»''"2 ' ^^"^ 

Proof. Using that J l/^p = 5^, we get 

(4.17) J\i^\^ = -2RejTs^, 
and thus by (gj]) and (jOl) . 



^2 +(5jv 



L2 + 



L2 



(4.18) 



Re / GoV' 



<c(<^^+2||V'll?.+ 



Expanding jn^ + i(j| ~^ n at second order in u;, we obtain 






I 12-l-A 

|n5 + tt;f^iv 



|n5|2+^+ (2+- )Re 



\us\ ^usw 



+ 1 + 



iV 



, 4 , ,9 2 / 2 , „ 



+ o(5^-i|iV'iii2 



4-2^2„„2 



\Us\'^ UgW 



o 



2+1 
L2 



By Lemma [1?I1 Lemma [O and ([iTT]) , 

Re f f \us\^usw = Re f f {usl^usLs (e'^^ilj) + O (,5^ 11-011^2 



2 



CS 4 

2 






By (J4.15P , then Lemma [4T 



n5|lv|u;|2 = Jlv // \G\n\w\'^+0(5 



and similarly 



(5iv 



|G|^ 



e'5^0 



+ OUiv||V;||i2 , 



Re 



P<5l 



-2:rr2„„2 



27^2 / jlA„ 



ll2u;^ = 5ivRe // |G|iv-^G e^a^V' +OU 



L2 
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Combining the preceding estimates, we obtain 

;.|2 



I i2+^ 



+ (1 + ^ 1 5^ 






c.i^^U^ 



|G|^ 



e'i^ij 



N 



+ ^(l + ^M^Re//|G|^"^G'(e^l^V' 



12 +57^- 



L2 + 



which yields (Hl^ in view of (|iJ8]l and the definition ([33D of Q. 



2+^ 
L2 



D 



We can now conclude the proof of the uniqueness of the maximizer. Assume 
that 5 > is small and consider a solution us of (jl.ip with initial condition 
fi = asGo + (ps- Assume that us, fs, (ps and a^ also satisfy (j4.ip . (j4.2p . (j4.3p and 
(j4.4p . We must show that us = us- Let 

^ = (a^ - Q5)Go + <^5 - v'^. 
^2 < C6n'^ . By Lemma 14.31 with v = us, 

f+i =I(S)-S^Q(^) + 0(5^^12 +6^-^ 



By (gai) 

m- 

and thus 

(4.19) d^Qiij) <C[67^ 



L2 



+ 6n' 



L2 + 



2+: 

L2 



L2 + 



< C5nU\ 



2+1 
L2 



L2- 



Since Go is in the kernel of Q, Q{tp) = Q{(ps — ^s)- Using that ips and (ps satisfy 
the orthogonality conditions (|1.9p . we deduce from Theorem [2J 

(4.20) 

Using that 



c||(^<5 -^sf < QW- 



aj + 



\^s\ 



aj + 



\'fs\^, 



we obtain, in view of (j4.4p . 



las - asl 



a. 



a. 



as + as 



< 



\y^s\ 



I'fsl'^ 



< C6N\\ips -ips\\l2, 



and thus for small 5, 

(4.21) IIV^III^ = {as - asf + \\ips - ^sWh < 2\\ips - ^sWh- 

Combining KW\ . (11:2(11) and (fOT]l . we get 

a contradiction if (5 > is small and ip ^ 0. Thus, ^ = and us = us, which 
completes the proof. 
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5. COERCIVITY OF THE QUADRATIC FORM 

In this section we show Theorem [2l 

Let F be the N + 2-diniensional space of the nuU directions for Q that are 
generated by the continuous symmetries of the hnear Schrodinger equation: 

F = span^{Go,XjGo, \x\'^Go} 

( j = 1 or J = 1 , 2 in dimension 1 and 2 respectively) . 

We must show that there exists a constant c > such that 

v^eF^^^Q{^)>c\Ml2. 

It turns out that F is generated by eigenfunctions for the harmonic oscihator 
defined in ^5.1.11 Indeed, in dimension 1, F is spanned by ho, hi and /12 and in 
dimension 2 by /ioo> ^10 > ^01 and /i2o + ho2- 

The outhne of this section is as follows. In §5.1l we recall some properties of the 
harmonic oscillator H = — A + |xp and of a lens transform that will be used in 
the proof. In §5.2l we show that the proof of Theorem [2] reduces to the proof that 
Q{(p) > for any eigenfunction (p of the harmonic oscillator Ti that is orthogonal 
to F. In §5.31 and §5.41 we treat the reduced problem in ID and 2D respectively 
by estimating the values taken by the quadratic form on the eigenfunctions of Ti. 

5.1. Preliminaries. 

5.1.1. Harmonic oscillator. Consider the linear Schrodinger equation with the 
harmonic potential: 

(5.1) idrU-^'Hu = 0, (r,y)GMxR^, 

where T-L = —A + \y\ . 

In what follows we briefly recall spectral property of H. We refer to |Car09j and 
references therein for more details. 

We first review the spectral properties of H in one space dimension. The 
spectrum of 71 consists of positive eigenvalues A„ = 2n + 1, n = 0, 1, ..., and the 
corresponding eigenfunctions are 



(5.2) hn{y) = {-ircney'/'d::{e-y'), 



1 



^'"^ " "" V^.2-/^" 
here the coefficients c„ are chosen so that ||^n|||2m) = V^- Equivalently, these 
are the Hermite functions 

(5.3) ^»(^)-^-"^'^- 

with Hn{y) being the n*'' Hermite polynomial: 

Hn{y) = {-irey'd;;{e-y'). 

Thus, Ho{y) = 1, Hi{y) = 2y, if2(y) = V _ 2, H-siy) = 8y^ - 12y, H^iy) = 



16y — 48y + 12, etc. These eigenfunctions are orthogonal 

(5.4) / hjiy) hk{y) dy = / Hj{y) iffc(y) e~^' dy = ^5jk, 

JR y'21 jW2'^ kl JM 
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and they span L'^{R). 

In the 2D set up, y = {y 1,1/2) G IR^, the spectrum of T-L consists as well of a 
discrete set of positive eigenvalues {A„}„gN and, for n G N, one has 

A„ = 2?i + 2. 

To each eigenvalue A„ there corresponds a set of eigenfunctions hjk{y) with the 
property that j + k = n and hjk{y) = ^j(yi)/ifc (2/2)5 where the /i^'s are the one- 
dimensional eigenfunctions. For example, hoQ{y) = e"'^' is the only eigenfunction 
corresponding to the smallest eigenvalue Aq = 2. For Ai = 4, the eigenfunctions 
are 

hioiy) = V2yie-^y^"/^ and /loi(y) = V22/2 e^l^l'/^, 
for A2 = 6, they are 

h2o{y) = 2-'l\2yl - l)e-\y\'l\ ho^iy) = 2-'l\2yl - l)e-\y\'l^ 

and h^^{y)=2yyy2e~\y\"/\ 

5.1.2. The Lens transform. For a function u{t,x) : I x M — )■ C, define the lens 
transforn^ hu of u by 

Mr,,) = ^^n(tanr,^ e^^^^. 

PQgiV//^ V COST/ 

The new variables (r, y) are defined by t = tanr and x = ^jj^, t G (— ^, ^), and 
thus, L-u : tan-i(/) n (-f , f ) x R^ ^ C. If / = M, then LuT(-f , f ) x R^ ^ C : 
the lens transform compactifies the time. For more details see for example |Car02j . 
|Tao09j and reference therein. 

If u(t, x) solves (jl.ip (for some 7 G R), then v = Ln(r, y) solves 

1 4_ 

(5.5) idrV — -T-Lv = —"f\v\ 1^ V , 

and vice versa. 

The lens transform preserves the initial data (Lm)(0) = u(0), and thus, the 
mass of the solution: 

\\{Lu){0)h2 = \\u{0)h2. 
Furthermore, all Strichartz norms are also preserved, in particular: 



\\^u\\ 4+2 ^.,. = 11^ 



4 



' _l_2 — "^ ^ -\-2 

-M ((-7r/2,7r/2)xR'V) L^J (RxR^) 

Example. Let Go = — i^e"'^' '^. The solution to the linear Schrodinger 
equation (|1.2|) is given by p.6|) . The definition of L shows that the solution 
e"*5'^Go of (fSTT]) is given by 

Gir,y) = ^e-^-e-HV2 = (LG)(r,y), 

which is consistent with the fact that Go is an eigenfunction for the eigenvalue 
Xq = N oi Ti (in dimension N = 1,2). 



We use the name 'lens transform' as in [Tao09j but it should not be confused with the 
pseudo-conformal inversion (|1.5|l of Talanov which is sometimes also called the lens transform. 
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For later use we note that using the invariance of the initial condition and the 
Liv+ norm by the lens transform L, we can rewrite the definition ()3.3|) of the 
quadratic form as 



(5.6) Q{^) = Cs 



N + 2 f 2 4(iV + 2) 



1 14'^ 



m 



N J "^' iV2 



Re / Gqip 



(^ + 2)2 n f n^ .-.,n,.^ 2(^ + 2)Rer / Go^e-^fe-iV' 



e 2 "-yj 



iV2 



5.2. Reduction of the problem. We prove here the following proposition: 

Proposition 5.1. Assume that the conclusion of Theorem\M does not hold. Then 
there exists an eigenfunction cp of %, satisfying the orthogonality relations (II. 9p 
and such that Q{ip) = 0. 

We define 

Since Q is a real positive quadratic form, we know that £■ is a real vector space. 
Before proving Proposition 15.11 we need a few preliminary results. 

Lemma 5.2. Let {^Pn} be a bounded sequence in L^ such that 

(5.7) lim Qiifn) = 0. 

n— >oo 

Then there exists a subsequence of {tpn} that converges strongly in L? to an ele- 
ment of E. 

Proof. Assume after extraction, 

ifn ^ y:> weakly in L as n — )• oo. 

Write 

|2 



(5.8) Qi^) = CQj\ip\' + Biip,ip), 

where cq = C5— ^ and the symmetric bilinear form B is defined by 

Bi^,ij) = Cs^^;^ (RejOo^) UeJGoi^' 



\2 



('' + '^'Re/ / IGl^fe^lMfe-^^? 



^^^^ Re I I G* (e'i'^ip) ie'^^^ 



We will use the following standard property of the Schrodinger linear flow: 
Claim 5.3. 

V'n ^ weakly in L? =^ e'2 -0^ — > Q strongly in Lf^^iW x M^). 
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Indeed, by the local smoothing effect |Sjo87l [Veg88 , [CS89| . e*2 defines a con- 
tinuous map from L2(M^) to L^ (r, hI^^CR^)) . Using the equation ([O]), we see 

that it also defines a continuous map from L^(M^) to H^^^ (M^"*"^"). The claim 

follows from the local compactness of the embedding of H^''^ in L^. 
Combining Claim 15.31 with the decay of G at infinity, we get 

(5.9) ipn ^ weakly in L^ =^ B{'iljn, V'n) -^ 0. 

We will show by contradiction that {^n] is a Cauchy sequence in L^. If not, there 
exist sequences of integer {j„}, {A;,„} that go to oo such that 

(5.10) Vn, \\ipk^ - ipj„\\L2 > eo > 0. 
The weak convergence of {(^„} in L^ implies 

(5.11) (^fc„ - ipj^ -^ weakly in L^. 
Furthermore, (j5.7p and Cauchy-Schwarz inequality {Q is positive) implies 

< Q{<fjr, -'PkJ<2 {Q{(PjJ + QifkJ) — >0 asn-^oo. 
Combining with (I5.9P and (I5.1ip one gets 

lip llv?j„ -fkji^ =0, 
contradicting (I5.10p . The proof is complete. D 

Lemma 5.4. The space E is a finite dimensional vector space over C. 

Proof. The space ii^ is a vector space over M. To show that it is a vector space 
over C, it is sufficient to show that it is stable by multiplication by i. Let if G E. 
Write ip = qGq + if, with a = J ^pGo, so that 

(5.12) f^Go = 0. 

The function iaG is in E and E is stable by addition. To show that i(p £ E we 
must show that iip (^ E. By (15.6p . 

2 



Q{i^) = Q{^) - ^^^^^Gs (ReJGo^^ 



^/'^ r i ..r / ■^^, \2 



4(iV + 2),„ r^ f n^^mrf^-^rn 



+ ^ ^Re / / G(fe*'"^ e-*2«(^ 

N J-n/2 JrN 



We know that (f £ E, so Q{(p) = and it suffices to show: 



(5.13) Re / Gq^ = 



2 



'^/2 /■ A ,, / .. \2 

JV 



7r/2 JR'V 



(5.14) Re/ / Go^e^^Me-^5«<^)' = 0. 
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The first equality follows immediately from (15.120 . Let us show the second equality 
in the case N = 2. By (j5.12p . c^ is orthogonal to the first eigenfunction /iqo of Ti. 
Thus, e~^^ (p is of the form 

(ni,n2)eN2 
n\+n2>l 

where by definition anin2 = /k2 'f{y)hnin2{y)dy- It follows from the definition of 
hnj^n2 that it is even if ni + n2 is even and odd if ni + n2 is odd. Expanding 

(e~^^ (fj , we can write 



Re r [ Cy^ (e-'i^ifY =Re T [ G^e^- V e-^™ff^(y) dy dr, 



where m > 4 and g„i S C°° (M ) is exponentially decaying. Again, g„i is even if 
m is even and odd if m is odd. Then (I5.14p will follow from 

(5.15) ReT [ Gl{x)e'^^e-'^'^gm{y)dydT = 0. 

J-7r/2 JR2 

We distinguish two cases. If m is odd, then J^2 Go{y)'^gm{y) dy = (it is the 
integral of an odd function on M?), and (j5.15p follows. If m is even, using that m > 
4, we get that J"^ ,„ e^*'^"*'^™ dr = 0, which implies also (j5.15p . This completes 
the proof of (|5.14p in the case N = 2. To prove ()5.14p in the case A^ = 1 write 



e-'i'^^o = Yane-'<^^-^)K{y), 



n>l 

and argue as above. We leave the details to the reader. 

It follows immediately from Lemma 15.21 that the unit ball of {E, || • Hlz) is 
compact, concluding the proof of Lemma |5.4[ D 

We next prove Proposition 15.11 Let E = F n E. By definition, E is the 
subspace of functions ip £ L'^ satisfying Q{ip) = and the orthogonality relations 
()1.9p . By Lemma 15.41 it is a complex, finite dimensional vector space. 

We argue by contradiction, assuming that the conclusion of Theorem [5] does 
not hold. 

Step 1. Existence of a nontrivial null-space for Q. In this step we show that the 
negation of Theorem [2] implies that E is not reduced to {0}. Indeed, in this case, 
there exists a sequence ifn in L^ such that 

(5.16) Vn, (pn £ F and nQ{ipn) < ||v'n.|lL2 = 1. 

By Lemma 15.21 a subsequence of {^n}^ converges strongly in L^ to some iIj £ E. 
The condition ||'/?n|lL2 = 1 implies that ||'0||l2 = 1 and, in particular, that "0 / 0- 
Furthermore, ipn G F-^ for all n and F-^ is closed, thus, if) G F-*-, which shows as 
announced that dimi? > 1. 

Step 2. Stability by the harmonic evolution. 
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In this step we show that E is invariant by e~ 



i^H 



for any tq G M. As E is 



a complex vector space, it is equivalent to show that E is invariant by S{tQ) 



-TO 



The space F admits a basis of eigenfunctions of T-L , thus F is stable 
by S{to). To prove that E is stable by S{tq), we rewrite the equation (j3.2p using 
the lens transform of ^5.1.21 



(5.17) Cs 



\Go + ^\ 



1+: 



7r/2 
-7r/2 



e-^Go + e-^^V^ 



2+^ 



dydr 



= Q{^) + {Ml,). 

We will show that the two terms in the first line of (j5.17p do not change when 
replacing ip by S{tq)ip, which will imply that 

(5.18) Q{S{to)v) = Q{^), 

and thus, that E and E = E Ci F are stable by S{tq)). 
By mass conservation 



(5.19) 



Similarly, 



\Go + SiToM 



e * 2 Go + e * 2 «(^ 



y"|e-*^« (Go + (/.)!' = y"|Go + <^|^ 



r / e-^^Go + e-*5«5(ro)v; 

J-7r/2 JM^ 

-^i^(Go + (^) 



7r/2+ro 



7r/2+ro 



2+^ 



2+i 



7r/2 
'7r/2 



-i^H 



^«(Go + ^) 



2+1 



The last equality is consequence of the following known identity (see e.g. equality 
(2.5) in [Car09j ). which can be easily checked by expanding ip in the Hilbert basis 
of L? given by the eigenfunctions of T-L : 



e '^2^^ip{y) = e 



-iN 



— —i-TI 

2 e '2 



v^i-y)- 



This concludes the proof of (j5.18p . 

Step 3. End of the proof. 

We have shown that e~^^ is a strongly continuous group of operators on the 
finite dimensional vector space E. As a consequence, e~^^ = e'^ for some 
A G C{E) (see for example |ENOn| Theorem 2.9 p. 11]). 

Let f e E. Then 



lim 



^-qn 



f-f 



lim 



e^^f - f 



Af. 



This shows that / is in the domain of H and that Af = —^Tif. As a conse- 
quence, Ti = 2iA is a continuous linear operator on E. Using that E is finite 
dimensional, we deduce that Ti admits an eigenfunction in E, concluding the 
proof of Proposition 15. li D 
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From now on we treat each dimension separately. 
5.3. ID case. In this case, the quadratic form is 



9 n , ^_v 

vr 



e-'^'^if 



4\/3 


Re / e-J^'/Vly) dy 
V J J 


2 

dy dr 


->/!/-"- 



2 

e~*2«c^) dydT. 



i^n, 



Recall that /iq is the 0th Hermite function (the eigenfunction corresponding to 
Ao = 1), and e~*5^/io = e~*5 e~^ /^. Similarly, 

and 

h<,{y) = -^ (2y2 _ i)e-^V2 ^ e-5«/i2(y) = ^ e"!- (2y2 _ i) £"^^2^ 

then it is easy to check that 

Q(^o) = Q(^/io) = Q(^i) = Q(«/ii) = Q{h2) = Q(i/i2) = 0. 

Note that for the rest of /ij, j > 3, we have e~*2 /ij = e~*^ ^^ ^^ji ^^"^ when 
computing the quadratic form Q{hj), we obtain that by orthogonality of {hj} the 
second term in (I5.20p is zero. Integration in t over the full circle makes the fourth 
term vanish, therefore producing 

Qihj) = V3 j \h,{y)\^ dy - 9 j e~^y"\h,iy)\^ dy. 

Since e~^^ is dominated by e~^ , we estimate the second term by 

^1. ^.M2,.._ (2J)! [^ 



e y \hi(y)\ dy — „. , ,,„ ,, 
I ]\yj\ y 22j(j!)2 \J 2 

(see |Wan08l Lemma 2.1]). Then, using the following estimate for the central 
binomial coefficient 

/2m\ 4™ 

5.21 < p^—-r , rn>l, 

we obtain 

Qihj)>V3TT[ 1-3 '^ ^^-^^^ 



2 22^(i 



n2 






for j > 4. Explicit computation shows that 



Q{h,) = ^ for /i3(y) = -L(2y3_3y),-.V2 
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and 

Q(M = ^ for h,{y) = ^{Ay'-l2y' + 2,)e-y'l\ 

concluding the proof that Q{hj) > for all j > 3. 

5.4. 2D case. Recall from ^5.1. li the definitions of the basis hjk of eigenfunctions 
oiy.. By definition hjk{y) = hj{yi)hk{y2), where {hj}j>o is the orthogonal system 
in L^(M) of eigenfunctions of the ID harmonic oscillator. The function hjk corre- 
sponds to the eigenvalue Am with m = j + k, and Am = 2?7i + 2 = 2(j + A;) + 2. For 
a fixed m there are m + 1 independent eigenfunctions hjk = hj^m-j, < j < m, 
corresponding to Am- The space F is exactly 

F = spanc {hoo,hoi, hio , ho2 + /i20 } • 

By Proposition 15. H the proof of Theorem [2] in 2D is reduced to the following: 

Proposition 5.5. Assume that N = 2. Then 

(5.22) // a //5 or 7/0, Q {aho2 + ph2o + -fhn) > 0. 

m / "^ \ 

(5.23) If m > 3 and y^ \aj\ / 0, then Q 2,(^j^j,m~j > 0. 

i=o \j=o J 

Proof. Let ip £ L"^. By dSSD with iV = 2, we have 

(5.24) Qi^)= f \^\^ + 2(Re [go^^ 



n/2 

4/ I Gl 

tt/2 



e"*5^V3 



-2 Re/ / Gge^^r/ -^f« \ 

J—k/2 Jr^ ^ ^ 



It is easy to check that Q(/ioo) = 0. 

Let m > 1. Any eigenfunction of Ti for the eigenvalue 2m + 2 is of the form 

m 

(5.25) if = y^^ajhj^rn-j- 

j=0 

If Lf is of this form, then the second integral in Q{(p) vanishes because of the 
orthogonality of the hj^s and so does the last term, since f^^.^e^"^"^^ dt = as 
m£ N\{0}. 

Recall that the first eigenfunction for Ti is /loo(y) = e~2'^' . Using that Go = 

1 -1^ , ■ 

—7=e 2 we obtain 

VTT ' 

(5.26) Q{ip) = B{ip,ip), B{ip,iP)=Re [ ipi^-4Re [ hlo^i^. 

7R2 7r2 
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In particular, ii j + k > 1, 
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-4(1 e-y' h]{y^) dyi) ( j e^y^ hliy^) dy2 



TT 1- 



(2j)!(2A:)! 



220+fc)-l(j!)2(/j!)2^ 

where in the last line we used the product of Hermite functions from |Wan08t 
Lemma 2.1]. As expected we get Q(/ioi) = <3(^io) = 0. 
Define 

[ for j + k — odd. 

For a product of two G functions, write 

F{m,j, k) = G(j, k)G{m — j,m — k). 
Observe that F is symmetric, i.e., 

F{m,j, k) = F{m, k,j) = F{m,m — j,m — k) = F(m,m — k,m — j). 
Note as well that 

Q{hj^rn-j) = vr (1 - F{m,j,j)) , j ^k^B {hj^rn-j, hk,m-k) = -n-FimJ, k), 
and that for a, /3, 7 G C 

-Q{aho2 + /3/120 + 7^11) = tI" - /3P + ;Tl7l^ 
vr 4 z 

which is equal to zero if and only if a = /3 and 7 = 0. This shows ()5.22p . 
Let us show ()5.23p . 
We have 



1 / " 



u=o 



^|ajp(l - F(m,j,j)) - 2 Re ^ ajakF{m,j,k) 



j=0 



\ 



j<k, 
j+k~even 



I 



( 



\ 



> 



j=0 



V 



^|ajf F(m,j,j)+ Yl (l«jf + l«fcP)i^Ki,A;) 



j<k, 
j+k—even 



( 



\ 



i=o 



1- Y. ^Ki'^) 



V 



fc6[0,m], 
j+k—even 
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where we used the symmetry of F in the last hue. By Cauchy-Schwarz, for any 
j G [0, m] we obtain 



T{m,j) := ^ F{m,j,k) 



fce[0,m], 
j+k—even 



J_ Y ij + k)l{2m - ij + k)y. 

j+k—even 



< 



22« 



E 

fc6[0,m], 
\j+k—even 

( 



j + k\ f2m — (j + k) 



\ 



1/2 



k 



m — k 



^ fj + k\ (2m - {j + k) 



V. 



A;6[0,m], 
+k—even 



m 



1/2 



< I X II. 

— 4TO 



By elementary combinatorial arguments (see Appendix |D]) and (|5.2ip . we esti- 
mate the term I 



l'< 



1 
<2 



1 



2m + 1\ /2m 
m + 1 y \ 771 

/im+l 



+ 



1 

' 2 

4"i 



m + 1 /2m + 2 



2m + 2\m + l 



+ 



2m 



m 



2^/3(^+1) + ! \/3m + l 



1 1 

+ 



\/3m + 4 2V3m + l/ ' 



For the term II we use (j5.2ip . then decompose into fractions: 



ke[0M, V3(^) + lV3(m-4^) + l 



j+k—even 
4m 



V3WI + 2 



E 



1 



1/2 



fce[o,m], 

j+k—even 



3(i±^) + l 3(m 



2+fc^ 



+ 1 
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Using the inequality \Ja + h < ^/a + y/b, reindexing the summation and estimating 
the sum we obtain 



11^ < 



lm/2] 

E 



1 



+ 



1 



V3m + 2 ^ yVsTTT v^3(m -/) + !/ 
4™ /^ 1 1 



< 



V3m + 2 

4m 



2 . / X 1 

(V3m + 1 - 1) + 1 + 



where Xim-even} = 1 if "2- is even, if m is odd. Hence, 

1 1 



J-(m,j) < 2 



V3m + 4 2V3m + 1 
1 /2V3m + l + l 



V3m + 2 



+ 



1 



/q — p ; — T- X(m—even} 

\/l.om + 1 



.1/2 



which is less than 1 for m >7. For m = 3, 4, 5, 6 we provide the values of J-{m,j) 
in Tabled] (which are all smaller than 1). D 



m = 2> 


-^(3,0) 


-^(3,1) 


^(3,2) 


J-(3,3) 






0.841 


0.591 


0.591 


0.841 












m = A 


-^(4,0) 


^(4,1) 


^(4,2) 


^(4,3) 


^(4,4) 






0.785 


0.5 


0.664 


0.5 


0.785 












m = 5 


-F(5,0) 


-^(5,1) 


-^(5,2) 


J-(5,3) 


J-(5,4) 


-F(5,5) 






0.718 


0.492 


0.573 


0.573 


0.492 


0.718 










m = 6 


^(6,0) 


-^(6,1) 


-^(6,2) 


J-(6,3) 


J-(6,4) 


J-(6,5) 


J-(6,6) 




0.673 


0.454 


0.563 


0.495 


0.563 


0.454 


0.673 



Table 1. Values of F{m,j) for 3 < m < 6. 



Appendix A. Implicit function theorem and orthogonality 

CONDITIONS 

In this appendix we prove Claim 13.51 By explicit computation, 
(A.l) VGo = -xGo, AGo = {\x\^ - N)G^. 
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The preceding identities imply that at the point {0,Tiii,Go): 
dUs ._ dUs 



dda 



-i5Go, 
dUs 



dpo 
- —i5xGo 



dUs 



dto 
Using the equahties 



UAGo-i-f6^+^\ 



—SGq - 6x ■ 


VGo 


-^>G. 


+ 8\x\^Go, 


dUs _ 
dxQ 


-VGo 


= 5xGq 




^Go= '-5iN 


— \x\' 


')Go - ii5 


^+i|Go|^Go 



fi2 



1, 



x\'G' - ^ 

^1 "-^O — TT' 



i-ri^r^ 



iV(iV + 2) 



which fohow from the normahzation of Gq and (jA.ip . we get that the Jacobian 

of $5 with respect to the variables (^O; Po-,^0-, xo, to) 



(9*^ a$^ 9$J a$j a$^ 



at the point (0, Fj^, Gq) is of the form 

\ + (^2) \^ 





in dimensions A^ = 1 or 2 respectively. Using that these matrices are invertible, 
and that their inverses may be estimated uniformly with respect to 5 € (0, (5o) 
{5q small), we deduce from the implicit functions theorem that there exists e > 
and a constant C > such that for small 5, if ||/ — Go||l2 < e, there exists 
{Os,ps,S,s,xs,ts) = {65,Ts) such that 

\es\ + \P5 - 1| + 161 + \X5\ + \t5\ < C\\f - Go||l2 and $5(^5, T^, /) = 0. 











(-^ 











/-I 





\ + 0{5^)\ 




' 


1 








i 
















1 

2 








-i 





J 











-i 





i 
















i 


V 





-l + 0{6')) 













i 










^0 












Applying this to the family \6 ^gs\cOi Step 1 in the proof of Proposition 
get as announced that there exists {9s, Ts) = {9s, P5,£.s,xs,ts) such that 



we 



lim l^^l + \ps - 1| + \^s\ + \xs\ + \ts\ 

0— >oo 

concluding the proof. 



and ^s{9s,rs,S~'gs) = 0, 



Appendix B. Constant in ID and the generating function trick 
By dSISD, 

i?i = 6Rc II \G{t)\*G{t)r{t)dtdx, 
where r is the solution to 

z9ir + -Ar + |G|'^G = 0, r(0,x) = 0. 
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Let L be the lens transform defined in §5.i.2l By the change of variable t = tanr, 

^ = ^' '^ ^ (-71-/2, 7r/2), we get 

Di = 6Re [ [ \LG\^LGLrdTdy. 

Jr J-n/2 

By the example at the end of ^5.1.21 LG = -^e^'^'^^'^e'^ /^, and thus, 



^5/4 



/2 



(B.l) Di = -^Re [ r ' e~^y"/^e'^/^LrdTdy. 

'rJ-tt/2 



Denote r = hr. An explicit computation shows that f solves 

2 7ri 

By Duhamel's formula 



(B.2) f(r,y) = ^yje"^^ / e~^ e^^ [eT^y j da. 

Decompose 

fc>0 
with {/ifcj's as in (j5.2p or (15. 3j) . and 

nhk = Xkhk = {2k + 1) hk. 

Then the coefficients a^'s are given by 

1 f + OO ^ 

(B.3) ^k = ^ e-^^y"hu{y)dy. 



Note that for k odd, the eigenfunction hk is odd, and thus, the corresponding 
coefficient a^ = 0. In the end of this appendix we compute the rest of (even) 
coefficients using a generating function trick of Wang |Wan08| and obtain 

(B.4, ".-(-')'■ ^- 



Since 



gijaW /g-fy' 



(e-iy^\ = aoe^'^'ho + ^ Ofce^^'^+^^^/i^ 



fc>i 



by (IB.2P we have 



(B.5) riT,y) = ^7^6-^ rao /io(y) - ^^^ ^(1 - e-'=-)/ifc(y) | . 

^ * fc>i 
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Substituting f back into (jB.lh , we obtain that the zeroth term from (IB.Sp vanishes 
when integrating in r, and thus, 

^^ •' -^-f fc>i 

^^ fc>i -^"f -^ 

6 v^ afc ^ 

= — 2^ -77 • ^ • Vvrafc, 
^2 fc>i '^ 

where we have used J_ /2G~^^'^ dr = if fc is even, and a^ = if k is odd. By 
()B.4p and keeping only even terms {k = 2j), we have 



i>l -^ .7>1 ^ '^ 



and since X]j>i J^fjlp ~ 0.2724, we get 



- 0.2724 ?» 0.0867. 



_ 1 ^ (2fc)! ^ 1 
fc>i 

Proof of (iRil) . 

5 2 

Here we compute coefficients of decomposition of e~ 2^ in Hermite basis, adapt- 



ing a method from [WanOSj . Recah the fc-th Hermite polynomial H, 

Hk{x) _xi 
hk[x) = — e 2 . 
^2^ 

We have 

1 /"+00 

(B.7) ak= ^— — / Hk{x)e-^'= dx. 

Using the generating function representation 



k 



(B.8) e2*--*'=V^i^n(x), 

n=0 



we observe that it is equivalent to 



2 +00 



Z — / 79! 



n! 

n=0 



on the other hand, using (jB.Sp again on the left side 
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Expanding the product on the left-hand side and identifying the powers of t, we 
get 

k 

j+2k=n 

\k 



Integrating both sides against e~ , we obtain 



j+2k=n 



'3)- .,4- j!A:! VsyR ^^ '^^ 



(\/3) ^.+2fc^„ 



Thus by ([53]) 



^ ' j+2k=n 

{0 if n is odd; 

(VapXli if ^ is even, n = 2k. 

Thus, 

(2A:)! (-2)^'V^ 



-oo 



which by ()B.7h imphes that 



Appendix C. Constant in 2D 

Claim C.l. 

1 4 

D2 = —In-. 
2tt 3 

Proof. Recall from (IS.lSp the definition of r. By (I3.16P we must show 

Re If \G\'^Grdtdx = —In-. 
J J 8tt 3 

We will prove this result by direct computation of the integral, which is essentially 
an integral of a Gaussian function (in x) and rational functions (in s and t). 
By dTSD, 
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Noting that 



4A l^^-a 



\xf 



a\x\^ 



[1 + 2Qit)^/2 



e i+2a»t, Rea > 0, 



we get 

r{t,x) 
Let 



7r3/2 7o (i + is)(i + s2 + (s + 3i)(t-s)) 



g 2 l + s2 + (s + 3i)(i-s) £^5_ 



Thus 



2 1 3 - is 

+ z - + :r- 



\G\^Gr = A. 



1 



tt'^ Jo {l + t^)il-it){l + is)A 
Integrating in space we obtain 

,27. .if 1 



1 

2 V 1 + t^ ' I -it 



(C.l) 



|GrGrdx = ^ 



TT^ Jo {l + t'^){l-it){l + is)AB 
1 '■^ 



ds 



7r2 Jo (1 - it)(l + zs)(3(l + St) + 5i(t - s)) 
By fraction decomposition with respect to the variable s, 



ds. 



Re 



_(1 - it){l + is)(3(l + St) + 5z(t - s)) 
1 / i 



Re 



5i-3t 



8(1 + t^) \l + is 3 + 5it + (3t - 5i)s 
1 



s 25(t-s)-9t(l+ts) 



8(l + t2) \^l + s2 9(i + is)2_^25(t-s)2y ■ 
Integrating with respect to the variable s and coming back to (jC.ip we get: 

1 In(l + t2) + 21n3-ln(9 + 25t2) 



Re / \G\^Grdx 



167r2 



l + t^ 



Finally, we compute the space-time norm: 
Re( /" \G\'^Grdx] dt 
1 



167r2 



nl + t2 , f^ dt 

^ \ ^ dt + 2ln3 
l + t2 



l + t2 



ln(9 + 25^2 
(1 + i^) 



■dt . 



We have 



1 



■ dt = TT. 



A^ + t') 

By the change of variable t = tanr, r G (— 7r/2,7r/2) and the classical formulas 



f-n I _, I 2 TJl \ 

In(cosT) dr = — — ln2, / ln(a+6cosT) dr = yrln , a > |6|, 
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one gets 



J — ( 



ln(9 + 25t2) [^ Infl+t^) 

^ ^-67rln2, / — ^ -^dt = 27rln2. 



(l+t^) ' 7-00 (1+^^) 



We leave the details of the computations to the reader. Combining the preceding 
equalities, we obtain as announced 

/ Ref /" IGl^Grdx ) dt = — (In4-ln3). 
J-oQ \Jm? J Svr 

D 



Appendix D. Bound of a sum of binomial coefficients 

Let m, > 1 and j G {0, . . . ,m-}. In this appendix we sketch the proof of the 
following inequality 

fce{o,...,m} 

j+k even 



j J \ m — j J 2\m +1 J 2\m 



For n G N*, let /„ = {1, . . . , n}. Let V{l2m+i) be the set of all subsets of hm+i- 
Define Omj C V{l2m+i) and Emj C 'P{l2m+i) as follows: a subset of hm+i is in 
Om,j (respectively, E-mj) if it has m + 1 elements oi < 02 < • • • < flm+i and if 
aj+i is odd (respectively, even). Then for fixed j G {0, . . . ,m}, 

\n I- V (j+k\(2m-ij + k)\ f2m+l\_ 
fce{o,...,m} \-^/\ "'/ \ < / 

j+k even 

Let US construct a one-to-one map <l>j from Omj to the disjoint union of Emj 
and the set of 77i-elements subsets of /2m- Let 5 be a set which is in Om,j, and 
ai < 02 < . . . < flm+i its ?TT, + 1 elements. Then if j > 1 and Uj < clj+i — 1, or 
j = and oi > 1, we denote by ^j{S) the element of Emj {oi, • • • ,aj,aj^i — 
l,aj+2) • • • jflm+i} (i-e obtained from S by shifting only the element dj+i to the 
left). If aj = Oj+i — 1, or J = and ai = 1, we denote by ^jiS) the subset 
{ai, . . . , aj,aj+2, ■ ■ ■ , Om} of l2m- The mapping $j is clearly one-to-one: in the 
first case one can recover S by shifting the j + 1 element of '^^(5') to the right. In 
the second case, by adding to the set ^j{S) the element bj + 1 (1 if j = 0), where 
bj is the jth element of ^j{S). Finally we obtain: 

,^ , ,^ , /^2?n\ /2m + l\ ,^ , /2m 

Om,j < EmJ + < , 1 - Om,i + 

which yields (lD?T]l . 
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